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Evaluation of Navier-Stokes Solutions Using the Integrated
Effect of Numerical Dissipation

R. R. Varma* and D. A. Caugheyt
Cornell University, Ithaca, New York 14853

A method for evaluating the quality of solutions to the Navier-Stokes equations is developed and illustrated
with representative examples. In solutions to the Navier-Stokes equations it is important that added numerical
dissipation does not overwhelm the real viscous dissipation. To verify this, it is necessary to be able to estimate
quantitatively the effect of numerical dissipation. A method for estimating the integrated effect of numerical dis-
sipation on solutions to the Navier-Stokes equations is developed in this paper. The method is based on integra-
tion of the momentum equations, and the computation of corrections due to numerical dissipation to the drag
integral. These corrections can then be considered as estimates of the error due to dissipation. Solutions to the
Navier-Stokes equations for laminar and turbulent flows over airfoils are used to illustrate the method. The
errors due to numerical dissipation are compared with the total numerical errors in the solutions. The effect of
Mach number scaling of the numerical dissipation terms is discussed.

1. Introduction

HE evaluation of the quality of any numerical solution of the

Navier-Stokes equations and the validation of the computer
code that yielded the solution necessarily require an estimation of
the errors in the solution. As Holst' has pointed out, these errors
fall under two broad categories—physical modeling errors and nu-
merical errors. The physical modeling errors include, among oth-
ers, those arising from the approximations involved in the Navier-
Stokes equations themselves, or their thin-layer approximation, as
well as those introduced by any model for the effects of turbu-
lence. The numerical errors include those due to the basic discreti-
zation scheme, including any implicit or explicit numerical dissi-
pation, and are dependent upon the fineness and distribution of the
grid. Physical modeling errors can be quantified only by compari-
son with the results of experiments or with the results of direct nu-
merical simulations in which the corresponding approximations
are not made. Before these comparisons can be meaningful, how-
ever, it is important to understand the level of numerical error, and
this can be done without recourse to comparison with experiments.
It is with these numerical errors and, in particular, with the effects
of numerical dissipation, that the present article is concerned.

The calculation of fluxes in several widely used finite volume
schemes used to solve the Euler and Navier-Stokes equations can
be shown to be equivalent to central differencing. Such schemes,
applied to the Euler equations, do not contain any inherent dissipa-
tion. To prevent odd-even point decoupling and oscillations near
shock waves or stagnation points, numerical dissipation terms
must be added when solving the Euler equations. The Navier-
Stokes equations, on the other hand, possess dissipative properties
due to the presence of the viscous terms, but the physical dissipa-
tion provided by these terms in regions far away from the surface
is usually small, and the addition of numerical dissipation terms is
still necessary to ensure the stability and robustness of the
schemes. While the added dissipation terms must be large enough
for this purpose, they must also be small enough not to overwhelm
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the effects of the real viscous dissipation in regions where the lat-
ter is significant.

Most previous attempts at studying the effects of numerical dis-
sipation have been based primarily on qualitative comparisons of
computed solutions and experiments. For the Euler equations,
Caughey and Turkel® looked at the effects upon solution accuracy
of various forms of the dissipative terms and the smoothness of the
mesh. They used nonphysical behavior of the solution, such as os-
cillations in the surface pressure distribution near the airfoil trail-
ing edge, to study the effects of numerical dissipation. A similar
approach was followed by Swanson and Turkel® for both the Euler
and Navier-Stokes equations. They analyzed various ways of re-
ducing artificial dissipation in central difference schemes for the
solution of these equations. Their efforts were also directed at ob-
taining better qualitative behavior of the solution in critical regions
of the flow and better agreement with experimental data. While
this approach provides some useful insight, there is clearly a need
to develop a method that provides quantitative estimates of the ef-
fect of numerical dissipation on the solution.

In this paper, we first develop a method for estimating quantita-
tively the integrated effect of numerical dissipation on solutions to
the Navier-Stokes equations. Using this method we then evaluate
the quality of solutions to the thin-layer Navier-Stokes equations
for two-dimensional transonic flows over airfoils obtained using
the multigrid diagonal implicit method of Varma and Caughey.*

II. Analysis

The governing differential equations considered here are the
thin-layer Navier-Stokes equations in two dimensions. These equa-
tions are transformed from a Cartesian coordinate system (x, y)
into a generalized coordinate system (&, 1}). Near the airfoil sur-
face, the &-coordinate is approximately parallel to, and the 1-coor-
dinate is approximately normal to, the body. The airfoil surface it-
self is a &-coordinate line. The transformed equations are modified
by artificial dissipation terms. The form of dissipation used in
these calculations is based on the adaptive blend of second and
fourth differences described by Jameson et al.’> and modified by
Caughey.® The system of equations can be written in the fully con-
servative form,

8W+8F oG 9G’ aDiw_aan_O W
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is the vector of conserved dependent variables. The transformed
inviscid flux vectors are

F=h{pU, pUu+&p, pUv+&,p, (e + p)U}T 3)

G =h{pV,pVu+n,p,pVv +m,p, (e + )V}’ @

Here £ is the determinant of the Jacobian of the transformation, p
is the fluid density, u and v are the respective velocity components
in the x and y directions, U and V are the contravariant components
of velocity in the & and | directions, respectively, and e is the total
energy per unit volume. The thin-layer approximation to the trans-
formed viscous flux vector is

= h{0, nx e+ nyc +nxoxy

+n,0,,,M, (uc,, +vo’',,—q;)

+1,( ucs)’(y + vcs’yy

’, T
—q,)} (5)
where Gy, Oy,, and O,, are the thin-layer contributions to the
Cartesian viscous stresses, and ¢y and gy are the corresponding
contributions to the heat fluxes. The dissipative fluxes across cell

faces in the £ and 1y directions are DgW and D, W, where the differ-
ential operators Dy and D, have the form

e 0 9 @ o

o) 0 o @ ES _ 9
and D €, aﬂ 3T1 €, 8 5 (6)

Dy = e 5538 P n=
The coefficients of dissipation, €® and €%, are defined following
Caughey.®

A. Integration of the Momentum Equations

The analysis that follows is based on a generalized derivation of
the Momentum Theorem. The numerical implementation proce-
dure will be discussed in Sec. I1.D.2.

Consider a fixed area A bounded by a closed curve C within the
computational domain as shown in Fig. 1. The curve C is chosen
such that it includes the body surface. Integrating the governing

equations [Eq.(1)], which are satisfied at every interior point, over
the area A gives

oW 8F aG 9G, dD.w aan) _
”( Y tan a9 am ) dn=0
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Fig. 1 Contour for integration for drag: closed curve C enclosing
area A.

Using Green’s theorem, the area integrals over A are converted to
line integrals along C. This gives

c%.”AW dg d“*SEC (F dn -G d&) +§CG; dt

+§C (D,w d&~Dyw dn) =0 @)

At steady state, the first term in Eq. (7) is identically zero, and the
integral equation becomes

fﬁ [Fdn-G d&+G,dE+D wdE-Dwdn] =0  (8)
C

The continuity, the two momenta, and the energy equations have
the same integral form. Our interest is restricted to the calculation
of drag, and so only the two momentum equations are considered.
Before we go on, however, a clarification regarding the notation is
required here. As defined by Egs. (2-5) the vectors W, F, G, and
G, each have four components corresponding to the four equa-
tions. For the rest of this paper, the same vector notation will be
used although we consider only the two components correspond-
ing to the momentum equations.

The curve C consists of segments along the body surface, the
outer contour, and the branch cut. Continuity of the solution across
the cut ensures that all fluxes on one side of the cut exactly equal
the corresponding fluxes on the other side. Since the cut is tra-
versed twice—once in each direction—the net integral of fluxes
along the cut is zero. Eq. (8) then reduces to a generalized form of
the momentum integral equation:

_[ [F dn-G d&+ G| d&+D,w d&—Dyw dn]
Body

+I [F dn-G dE+G, d5+D,w d&-Dyw dn] =0
Quter

)]
B. Body Surface Integral
The integral over the body in Eq. (9) is further simplified when
the mesh on which the solution is obtained is such that the airfoil is
a line of constant M as is the case in our calculations. Then, the in-
tegral over the body surface reduces to

_[ (—Gd§+G;d§)+I (D,w d&) (10)
Body

Body

Using Egs. (4) and (5), the first term of the above expression can
be expanded as

| Gagraiag
Body

jBody (p dy-o), dy + 07, dx]

= (11)
J.Body [-p dx—csxy dy + g, dx]

The physical forces that act on the body, and determine the lift and
drag, are caused by pressure and viscous stresses. Expressions for
5, and 5, the x and y components respectively of the force 5 on the
body, can be obtained by integrating the pressure and the viscous
stresses. These force components are given by

jX—J.BOdy[pdy o/, dy +0), dx]

.FY_J.Body[ pdx—o;, dy +c), dx]
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Therefore, from Eq. (11), we have

j (-G dE+ G dE) = § (12)
Body

i.e., the integral over the body of the inviscid (pressure) and vis-
cous fluxes acting on the surface gives the net force on the body.
Note that the integral over the body surface [Eq. (10)] contains an
additional term due to the dissipative fluxes; the significance of
this term will be discussed in the following section.

C. Corrected Outer Integral

The momentum integral equation [Eq. (9)] thus yields an ex-
pression for the force F on the body in terms of integrals of the in-
viscid and viscous fluxes along an outer contour modified by inte-
grals of the numerical dissipation fluxes. From Egs. (9), (10), and
(12), we have

g = j (G d& - F dn- G/, d£)
Outer

+ Iom (Dew dn - D, w d&) BOdyan de (13)
This is termed the corrected outer integral. It is an equivalent ex-
pression for the forces on the body, and consists of contributions
from three sources: 1) inviscid contributions from the net pressure
forces on the outer contour and the net inviscid momentum flux
across it,

J' (G d&—F dn)
O

uter

2) contributions from the net viscous stresses acting on the outer
contour,

| 6rag
Outer

and 3) contributions due to the numerical dissipation which arise
from two sources: dissipation fluxes across the outer contour,

j (Dew dn— D, w d&)
Outer

and dissipation fluxes across the body surface,

[ pma
Body

If the viscous stresses are negligible on the outer contour and the
dissipation terms are absent, then Eq. (13) reduces to the usual
form of the momentum integral equation consisting of only the in-
tegral of the inviscid fluxes.

The dissipation contributions from the integral over the body
can be interpreted as due to artificial sources and sinks of momen-
tum created on the body surface, which lead to an artificial mo-
mentum surplus or deficit in the integral along an outer contour.
This in tumn is reflected in the calculation of forces on the body
from such an outer integral. The numerical dissipation contribu-
tions listed above may together be considered as corrections due to
dissipation to the outer integral for the calculation of the forces 5,
and 5, on the body, and therefore as corrections also in the calcula-
tion of lift and drag.

D. Quantitative Estimates of Dissipation

The added numerical dissipation terms are formally third order
in the mesh spacing, and are therefore expected to have very little
effect on the solution if the mesh is sufficiently fine. In the calcula-
tion of the lift coefficient C; using the corrected outer integral, the

corrections due to dissipation, relative to the inviscid contributions
in particular, are expected to be negligible. It is indeed so, as will
be shown later. The drag coefficient C;, on the other hand, is
known to be sensitive to small changes in the solution. So we
choose to focus our attention on the calculation of the total drag
coefficient, C,(total), on the body.

The two contributions to the body surface integral for drag
[from Eq. (12)] are denoted as C,(p) due to the pressure, and
C,; (f) due to the shear stresses on the surface (skin friction). The
total drag coefficient is given by

C, (total) = Cy(p) + C4 (f) (14)

For attached flow, we expect the two contributions to be compara-
ble in magnitude. For flows with significant separation, the pres-
sure drag is expected to dominate.

The three contributions to the corrected outer integral for drag
[from Eq. (13)] are denoted as C,(inviscid) due to the pressure and
convective terms, C,(viscous) due to the viscous stresses, and
C,(diss) due to the dissipative fluxes. The total drag coefficient is
given by

C, (total) = C,(inviscid) + C, (viscous) + C, (diss) (15)

As described in Sec. I1.C, the numerical dissipation flux contribu-
tions to the drag coefficient can be separated further into compo-
nents corresponding to the outer and body-surface contours:

C; (diss) = C,(diss-outer) + C,(diss-body) (16)

Various contours, at different distances from the surface, are cho-
sen for calculating these contributions to drag. If the body surface
is chosen as the outer contour, then we have C,(diss-outer)
= — C,(diss-body). which gives us the body surface integral as ex-
pected. For a contour close to the surface, C,; (viscous) is expected
to be significant. For contours at sufficiently large distances from
the surface, C,(inviscid) is expected to dominate.

For a steady-state solution, the C, (total) computed on the sur-
face using the body surface integral [Eq. (14)] must equal exactly
the C, (total) computed along any outer contour using the cor-
rected outer integral [Eq. (15)], since each of these expressions for
drag is derived from expressions for ;5 [Eqs. (12) and (13)] that are
exactly equivalent. The addition of the corrections due to dissipa-
tion is necessary for this to be true.

1. Error Due to Dissipation

Equating the two expressions for C, (total), we get

Cy (total) = [Cy (p) + C4 (f)]Body
= [C(inviscid) + C,; (viscous)]gyger + C (diss)

It is clear from this formulation that C,(diss) values can be consid-
ered as errors in the calculation of drag. From among values of
C,(diss) for various possible contours, we choose one which re-
flects best the error due to numerical dissipation in the solution. It
is possible to set C;(diss-body) to zero through a particular choice
of boundary conditions as we shall see in Sec. ILE. Therefore, the
value of C,(diss-body) is not necessarily representative of the total
error. Values for C, (diss-outer) can be calculated for various con-
tours, each value representing the effect of dissipation along that
contour. If we want to control the amount of dissipation in the so-
lution, i.e., keep it below a certain level, then the quantity that we
should be most concerned about is the maximum value of C, (diss-
outer) along any contour. Therefore, Max[C, (diss-outer)]is chosen
to characterize the error due to dissipation.

2. Numerical Implementation

A numerical approximation to the time-dependent equation,

J-I (BW oF BG JG, BDgw oD w

Eton o et an)dﬁd
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may be satisfied exactly in each cell at each time step according to
the discretization procedure. However, in this paper, we will re-
strict our attention to evaluating the quality of steady-state solu-
tions only. In particular, we will focus on the solutions obtained
using the multigrid method described by Varma and Caughey.*
The criterion for convergence to the steady state is that the residu-
als of the equations be reduced to values below a certain level. If
the numerical solution is converged such that the residuals are
down to round-off levels, then the steady state equation {(Eq. 8)]

§ [FdN-GdE+G,dE+D,wdi-Dwdnl=0 (17)
C

is satisfied to machine precision in each cell. This equation is also
satisfied for a curve C enclosing several cells, such as shown in
Fig. 1, if the numerical scheme is conservative in transport and
therefore globally conservative, and the fluxes across the curve are
calculated in a manner which is consistent with the way they are
evaluated in the residual calculation in the iterative solver. The cal-
culation of these fluxes is greatly simplified if the curve C is cho-
sen along grid lines. In this case, the total flux is taken to be the
sum of the fluxes, as computed by the iterative flow solver, across
the individual cell faces that make up the curve. It follows that the
value of C, (total) evaluated on the body surface using the body
surface integral [Eq. (14)] must agree with the value calculated
along any outer contour using the corrected outer integral [Eq.
(15)] to within the degree of convergence.

E. Dissipation Schemes

The analytical form of the adaptive blend of second and fourth
difference dissipation is given by Eq. (6). Numerical implementa-
tion of this form of dissipation requires the specification of bound-
ary conditions on both the second and fourth difference terms.
Along the cut the conditions are periodic, and in the far field the
gradients are assumed to be negligible. However, on the body sur-
face, boundary conditions for the normal dissipative flux,

2
Dow= @dw d _@Hdw

____en A

W = €y an o anz

cannot be specified uniquely based on simple physical reasoning.
Several different implementations of the boundary conditions on
the normal dissipation fluxes are discussed by Varma and
Caughey.” Those that lead to nonzero numerical dissipation fluxes
on the body surface yield poor quality solutions near the surface,
particularly on the coarser grids. In this paper, we will consider
two implementations:

1) Scheme A: The numerical dissipation fluxes—both the first
and third difference fluxes—on the solid surface are set equal to
zero. This leads to

Dyw); 11,=0

Therefore, only the real viscous and inviscid fluxes are nonzero on
the body surface.

2) Scheme B: In regions of large gradients, such as the boundary
layer and the wake, the numerical dissipation fluxes are expected

Table 1 Contributions to drag coefficient due to inviscid fluxes,
viscous fluxes, dissipation fluxes along the outer contour, and
dissipation fluxes across the body surface, and total drag coefficient for
four choices of contours: laminar case, 256 X 72 grid, scheme A

Distance

from body Cy Cy Cy Cy Cy
(chords) (inviscid)  (viscous) (diss-outer) (diss-body) (total)
0 [body] 232 352 — — 584
2.7 X 1074 244 348 -8 0 584
52 X107 354 199 314 0 584
1.0 584 ={ =0 0 584

2Denotes maximum value of C,(diss-outer)

Table 2 Comparison of numerical error and dissipation error
estimates—turbulent flow cases, scheme A

Error in
Gridsize C,u(f) Cy(p) Cy(p) Disserror

Turbulent case 1 128 X 36 (4h) 65.9 52.7 26.7 39.6
256 X 72(2h) 63.5 31.7 5.7 15.7

512 X 144 (h) 62.2 274 1.4 45

h—0 61.8 26.0 — —

Turbulent case 2 128 X 36 (4k) 66.1  216.0 21.9 40.9
256 X 72 (2h) 628  199.7 5.6 12.9

512X 144 (k) 619 1954 1.3 33

h—0 61.6 194.1 — —

to be large. But these are the very regions where the viscous effects
are also important. Therefore, in viscous calculations it is common
to scale the numerical dissipation in the normal direction by multi-
plying the fluxes by some function of the local Mach number. This
technique is expected to reduce the effect of numerical dissipation
near the surface where the local Mach numbers are low without af-
fecting it in the rest of the flowfield.® Here the n-direction numeri-
cal dissipation fluxes across cell faces parallel to the E-direction
are scaled by the local Mach number normalized by the freestream
Mach number, i.e.,

@dw 9 @dw
an:f(M) X[€n %—gﬁén a—'nzj

where f(M) = M/M....

F. Total Numerical Error

Estimates of the total numerical error in the solution can be ob-
tained using Richardson extrapolation.” Given an initial grid,
coarser grids are obtained successively by removing every other
line in each of the two coordinate directions. Iteratively converged
solutions are first computed on the finest grid (denoted by the sub-
script &), and then on two successively coarser grids (denoted by
subscripts 24 and 4h). The coefficient of total drag C; and contri-
butions due to skin friction and pressure forces are computed on
each of these grid levels. Asymptotic values (denoted by subscript
0), i.e., values in the limit of zero mesh spacing, are estimated
based on the order of convergence. When the convergence is sec-
ond order, as expected for the computational scheme used here, the
estimate of the asymptotic value is (Cp)g = V3 [4(Cpp — (Cx)onl-
Convergence studies for the drag coefficient to be presented in the
next section verify this second-order accuracy. From the asymp-
totic values, the total numerical errors in the drag coefficient for
each grid level can be calculated.

IIl. Results of Solution Evaluations

Representative laminar and turbulent flow solutions to the
Navier-Stokes equations for flows past airfoils are evaluated using
the method described in the preceding section. In the two lifting
cases analyzed here, the effect of the numerical dissipation on the
lift coefficient is found to be negligible—less than 0.1% on all
grids. However, the effect of the dissipation on the drag coefficient
is not negligible. And so, as mentioned earlier, we will concentrate
on the precise calculation of the drag coefficient.

For each calculation, the coefficient of drag is computed using
the body surface integral and corrected outer integrals. From a
breakdown of contributions to the computed drag along various
contours, the error due to numerical dissipation is estimated quan-
titatively. The asymptotic behavior of this error is studied as the
grid is refined. The estimated dissipation error is compared with
the total numerical error, which is obtained using Richardson ex-
trapolation. This procedure is repeated for the two numerical dissi-
pation schemes described in Sec. ILE, and the merits of the
schemes are discussed. The usefulness of this method in evajuating
the quality of flow solutions is thus demonstrated.
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Table 3 Error due to numerical dissipation—scheme A

Grid size Dissipation error  C (total)
Laminar case 128 X 36 (4h) 121.9 630.8
256 X 72 (2h) 30.8 584.3
512 X 144 (h) 4.6 569.8
Turbulent case 1 128 X 36 (4h) 39.6 118.6
256 X 72 (2h) 15.7 95.2
512 X144 (h) 45 89.5
Turbulent case 2 128 X 36 (4h) 40.9 282.0
256 X 72 (2h) 12.9 261.1
512 X 144 (h) 33 256.5

All values for the coefficient of drag in the tables presented here

are expressed in terms of drag counts; one drag count equals
0.0001.

A. Representative Solutions

Three different flow solutions—one laminar case and two turbu-
lent cases—are evaluated.

We first evaluate the laminar case—NACA 0012 airfoil at M, =
0.5, o = 0 deg, and Re,, = 5000. This is a symmetric airfoil at zero
angle of attack; consequently the lift is zero. The coefficient of
drag is therefore computed from the integral of the x-momentum
equation alone

We then evaluate turbulent case 1-—NACA 0012 airfoil at M, =
0.7, .= 1.49 deg, and Re,, = 9 X 10°. The solutions computed for
this case indicate that the flow is attached and is only slightly su-
personic in a small pocket near the leading edge on the upper sur-
face. Therefore the pressure drag is relatively small, and the skin-
friction drag is a significant portion of the total drag.

Finally, we evaluate turbulent case 2—RAE 2822 airfoil at M_,
=0.75, o0=2.5 deg, and Re_, = 6.2 X 10°. The computed solutions
show a strong shock above the airfoil at about 65% of the chord
producing wave drag and causing a significant amount of flow
separation. The pressure drag component, and therefore the total
drag, is substantially larger than in the NACA 0012 case.

Well-converged solutions were computed using the MDI
algorithm* with Schemes A and B for the numerical dissipation
(Sec. ILE). The finest grids (512 X 144) used in the series of calcu-
lations presented here were generated using the GRAPE pro-
gram.'? For the laminar flow calculations, the distance to the first
grid point normal to the airfoil surface was about 10 chord; while
for the turbulent flow calculations, it was about 10°® chord. For all
three grids, 62.5% of the mesh cells in the wrap-around direction
were on the airfoil surface. From each fine grid two coarser grids
(256 X 72 and 128 X 36) were obtained sequentially by removing
every other line in each of the two mesh directions. The coarsest
grid was fine enough to resolve most features in the boundary
layer.

B. Dissipation Error Estimates

The estimation of dissipation errors is demonstrated using
Scheme A for the laminar flow solution obtained on the 256 X 72
grid. (See Table 1.) The body surface integral is used to obtain the
pressure and skin-friction drag components on the airfoil surface.
The pressure drag [C;(p) = 0.0232] accounts for about 40% of the
total drag; the skin-friction component [C,; (f) = 0.0352] accounts
for the remaining 60%. The contributions to the total drag com-
puted using the corrected outer integral along two outer con-
tours—one close to the surface and the other about a chord away—
are considered next. The breakdown of C; into its various compo-
nents is as expected. Along a contour corresponding to the first
gridline off the surface (2.7 X 10~ chord), the breakdown of C,
between the inviscid and viscous components is still roughly
40:60. But there is a correction due to dissipation [C,(diss) =
—0.0008] which is about 1.4% of the total drag. Along a contour
which is a chord away from the surface, the inviscid flux integral
[C4(inv) = 0.0584] essentially gives the total drag. Because we set
the numerical dissipation fluxes on the surface to zero, the correc-

tion due to dissipation C, (diss) is solely from the outer integral of
the dissipation fluxes. The maximum value of C,(diss-outer),
which occurs along a contour about 0.005 chord from the airfoil
surface, is about 0.0031. This value amounts to about 5.3% of the
total drag coefficient, and provides an estimate of the error due to
dissipation in the solution. As expected for an iteratively con-
verged solution, the total drag coefficient has the same value of
0.0584 for all contours, including the body surface. In this manner,
dissipation error estimates—maximum values of C, (diss-outer)—
are easily obtained for all solutions.

The asymptotic behavior of the dissipation errors as the grid is
refined is studied next. Table 2 shows the dissipation errors and the
total drag coefficients on the three grid levels for the three cases.
As expected, the dissipation errors are relatively large (14-33%
here) on the coarsest grids and small (only up to 5% here) on the
finest grids. For the laminar case, the dissipation error goes down
by a factor of about four from the coarsest grid to the next finer
grid, and by a factor of nearly seven from the latter grid to the fin-
est grid. For the two turbulent-flow cases, the dissipation errors on
the finer grids reduce only by a factor of about four. The dissipa-
tion terms introduce third-order errors for a uniform grid. The re-
duced accuracy seen here may be due to the stretching of the grid,
particularly in the boundary layer.

C. Comparison of Total and Dissipation Errors

The total numerical errors in the solutions can be estimated
using Richardson extrapolation. To obtain these estimates, the val-
ues of the pressure drag C,(p) and the skin-friction drag C,;(f) on
the three grid levels are considered. The order of convergence of
the drag components is determined, and the errors estimated from
the asymptotic values. Comparisons for the two turbulent-flow
cases are presented here.

The solutions for the turbulent case 1 are analyzed first. The
skin-friction drag values, as seen in Table 3, are quite close to the
asymptotic value of 0.00618 even on the coarse meshes. To esti-
mate the total numerical errors in the solutions, we will consider
the C,(p) values. The convergence of C,(p) in the limit as the
square of the mesh spacing tends to zero is shown in Fig. 2. The
line indicates the linear least-squares fit for the data points corre-

6.8
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20.0 Il L 1 1 1 L i | 1 1 L L L 1 1 J
.00 .25 .58 .75. 1.00

Delta x”"2

Fig. 2 Plot showing the pressure drag components on meshes with
spacings k, 2k, and 4h; and the linear least squares fit through them—
turbulent case 1, Scheme A (Table 3).
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Fig. 3 Plot showing the pressure drag components on meshes with
spacings k, 2k, and 4k; and the linear least squares fit through them—
turbulent case 2, Scheme A (Table 3).

sponding to the three grids. The convergence is close to second-
order accurate. The asymptotic value for the pressure drag—C, (p)
= 0.0026—is calculated. The errors in C;(p) are computed and
compared with the errors due to dissipation in Table 3. The two er-
rors are of comparable magnitude on all three grids, although the
dissipation errors are consistently larger than the total numerical
error estimates.

The turbulent case 2 solutions are considered next. The values
of C;(f) are fairly accurate even on the coarse meshes as seen in
Table 3; an asymptotic value of about 0.0062 is estimated. The
computed pressure drag, which is affected by the strength of the
shock and the extent of flow separation, depends more strongly on
the resolution of the grid. The values of C,(p) on the three grids
are shown in Table 3, and are plotted against the square of the
mesh spacing in Fig. 3. The convergence is again very nearly sec-
ond-order accurate; an asymptotic value for C,;(p) equal to 0.0194
is obtained. Based on this asymptotic value, errors in C,(p), which
can also be considered as estimates of the total numerical error in
the solutions, are computed. Comparison of these errors with the
errors due to dissipation shows again that the two are of compara-
ble magnitude but the dissipation errors are larger than the esti-
mated numerical errors on all grid levels.

D. Mach Number Scaling of Dissipation Terms

Solutions for the three representative cases computed with and
without Mach number scaling of the dissipation terms are analyzed
and compared in this section. In Scheme A, the dissipation fluxes
on the surface are set to zero and therefore C, (diss-body) is identi-
cally zero. In Scheme B, the dissipation fluxes in the m-direction
were scaled by the local Mach number normalized by the free-
stream Mach number. The local Mach number on the airfoil sur-
face is zero because of the no-slip boundary condition, so the nu-
merical dissipation fluxes on the surface are again identically zero.

The pressure and skin-friction drag components for the laminar
flow case on the three grids are compared for Schemes A and B in
Fig. 4. For each of the drag components, the asymptotic values as
the mesh spacing tends to zero are nearly the same for both
schemes [Cy(p) = 0.0232-0.0233; C,(f) = 0.0332-0.0334]. On
the finest grid, the two solutions are very similar because the dissi-

pation errors are very small. The drag component values for both
schemes are essentially second-order accurate. However, the val-
ues with Mach number scaling are closer to the asymptotic values.

The errors due to numerical dissipation in the total drag coeffi-
cients for the two schemes are compared next. The results for the
laminar flow case are shown in Fig. 5. At the finest grid level, the
dissipation error in Scheme B is only slightly less than in the other
schemes, but on the coarser meshes the effect of the Mach number
scaling of the dissipation terms appears more significant. The re-
sults for one of the turbulent flow cases (turbulent case 2) are
shown in Fig. 6. The errors range from about 15% of the total drag
on the coarsest grid to about 1% on the finest grid. They appear to
approach third-order accuracy on the finer grids. For both schemes
the dissipation errors are of comparable magnitude, but a reduction
in the dissipation error with Mach number scaling is observed.

E. Summary of Results

For three cases involving both laminar and turbulent flows, the
errors due to numerical dissipation are estimated and compared
with the total numerical error. The total numerical errors are based
on the errors in the drag components, while the dissipation errors
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Fig. 4 Convergence with mesh spacing of the pressure and skin-fric-
tion drag coefficients for Schemes A and B—laminar case.

Dissipation Errors
Laminar Flow Case

150 T
$+SchemeA ]

[ | = 8 =Scheme B /

Drag Counts

0 0.25 0.5 0.75 1
Delta x*2

Fig. 5 Reduction in dissipation error with mesh spacing for Schemes
A and B—laminar case.
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Fig. 6 Reduction in dissipation error with mesh spacing for Schemes
A and B—turbulent case 2.

are based on the maximum value of C,(diss-outer). In the cases
considered here, the two errors are of the same order of magnitude,
although the dissipation errors are in general larger than the total
numerical errors. The total numerical errors scale very nearly with
the second power of the grid spacing, but the dissipation errors are
consistently between second and third order, even on rather fine
grids. Both schemes for numerical dissipation produce errors of
comparable magnitude in all cases. However, the Mach number
scaling of the dissipation terms reduces the dissipation errors in
most cases.

IV. Conclusions

A method for estimating the effect of numerical dissipation on
solutions to the Navier-Stokes equations is developed. The analy-
sis follows a generalized derivation of the momentum integral
equations. An exact expression for the lift and drag forces on a
body is obtained in terms of a corrected outer integral. This inte-
gral contains corrections due to dissipation in addition to contribu-
tions from inviscid and viscous fluxes along the outer contour. The
results presented here demonstrate that the corrections to drag due
to the added numerical dissipation can be used to estimate the ef-
fect of this dissipation on the solution. The total numerical error
can be estimated using Richardson extrapolation from the values
of the pressure and skin-friction drag on the surface. These two

error estimates together provide a means of judging the quality of
computed solutions. The dissipation errors and the total numerical
errors are of comparable magnitude for the cases considered here.
While the total numerical errors are second order in the mesh spac-
ing as expected, the dissipation errors are between second and
third order. Mach number scaling of the normal numerical dissipa-
tion fluxes reduces the dissipation errors in most cases.

As Navier-Stokes computations for high Reynolds number
flows become more routine, the need for better techniques for
evaluating the quality of the solutions becomes more important.
The dissipation error estimation method described here is a useful
tool for this purpose. It can also be used to guide the development
of new numerical dissipation models.
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